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Introduction 

In this paper, we do not assign to the compactness the HausdorfFness or to a compactifi- 
cation of a topological space the condition that the relative topology coincides with the 
original topology. A compactification of a topological space X is a compact topological 
space Y endowed with a continuous map l: X —> Y whose image l{X) is dense in Y. 
We deal with the ordinary compactification, which we call a faithful compactification, in 
^ The Stone-Cech compactification of a topological space X is the universal Hausdorff 
compactification SC(X) of X, i.e. a compact Hausdorff topological space SC(X) endowed 
with a canonical continuous map l: X ^ SC(X) with respect to which SC(X) has the fol- 
lowing universal property: For a compact Hausdorff topological space Y and a continuous 
map / : X — > Y, there uniquely exists a continuous map SC(/): SC(X) Y such that 
/ = SC(/) o L. Since the closed interval [-1, 1] c R is a compact Hausdorff topological 
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space, the universality implies that any real- valued bounded continuous function on X is 
uniquely extended to a continuous function on SC{X) through t. Moreover by Urysohn's 
lemma, a compact Hausdorff topological space, which is obviously a normal topological 
space, is canonically embedded in a direct product of copies of the closed interval [-1,1], 
which is again compact and Hausdorff by Tychonoff's theorem. Therefore the extension 
property for a real-valued bounded continuous function implies the universality of the 
Stone-Cech compactification. It follows that the Stone-Cech compactification SC{X) and 
the structure continuous map l: X ^ SC{X) are presented in the following way: Denote 
by Cbd(^, ]R)(1) c Cbd(^, R) the collection C{X, [-1, 1]) of real-valued bounded continu- 
ous maps on X which take values in [-1, 1], and consider the evaluation map 

^ ^ (/(^))/eCbd(XR)(l)- 

By the definition of the direct product topology, i is continuous. The closure SC(X) 
of the image of i is a compact Hausdorff topological space endowed with the restriction 
l: X ^ SC(X), and it obviously satisfies the extension property for a real- valued bounded 
continuous function. Note that one has another canonical presentation of the Stone-Cech 
compactification using the Gel'fand transform. Namely, set SC(X) := ^c{Cm{X, C)), 
where Cbd(^, C) is the commutative C*-algebra of complex-valued bounded continuous 
functions on X and is the functor of the Gel'fand transform, UDoul 2.21. The evalu- 
ations at points of X give a canonical continuous map i : X — > SC(X). Gel'fand-Naimark 
theorem, [IDoull 4.29, guarantees that the pull-back homomorphism 

i*: C(SC(X),C) ^ Cbd(X,C) 

/ ^ /ot 

is an isometric isomorphism, and hence (SC(X), i) satisfies the extension property for a 
complex-valued bounded continuous function on X, which is equivalent to the extension 
property for a real-valued bounded continuous function. 

How about the extension property for a ^-valued bounded continuous function for a 
non-Archimedean field kl Is there the universal compactification of a topological space 
X with the extension property for a ^-valued bounded continuous function? Consider 
the case k is a finite field endowed with the trivial valuation or a local field. Since the 
ring k° <z k of integral elements is a compact Hausdorff topological space, the Stone- 
Cech compactification satisfies the extension property for a fc- valued bounded continuous 
function. Moreover in the case, the construction of the compactification analogous to that 
with the presentation as a closed subspace of the direct product of copies of the closed 
interval works. Denote by CbdiX,k)(l) c CM(X,k) the collection C{X,k°) of fc-valued 
bounded continuous maps on X which take values in k°, and consider the evaluation map 

X (fix))feCUX,k)(l)- 
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It is obvious that is continuous and the closure SC^iX) of the image of i^. is a to- 
tally disconnected compact Hausdorff topological space endowed with the restriction 
Lk'- X ^ SCk{X). It is a totally disconnected Hausdorff compactification of X satis- 
fying the extension property for a /:-valued bounded continuous function, Definition 
13.61 and Proposition 13.71 Consider the general case. The ring k° G k of integral el- 
ements is not necessarily compact, and hence such a construction is not valid. Even 
the Stone-Cech compactification might not satisfy the extension property for a ^-valued 
bounded continuous function. Recall that there is another construction of the Stone- 
Cech compactification by the Gel'fand transform. The counterpart of the Gel'fand trans- 
form for the non-Archimedean commutative C*-algebra Cbd(^, k) is Berkovich's spec- 
trum BSCj^(X) := ^i,(C\,d(X,k)), [Ber| 1.2, which is a compact Hausdorff topological 
space endowed with the canonical continuous map t/,'- X ^ BSCkiX). Since the counter- 
part of Gel'fand-Mazur theorem, UDoul 2.31, never holds in the non- Archimedean case, 
the compactification BSC/;(X) might contains a point which is not necessarily ^-rational. 
Thus a ^-valued bounded continuous function on X might not be extended to a ^-valued 
continuous function on BSCi;(X). 

The aim of this paper is to specify the topological structure of the compactification 
BSCi:(X) of a topological space X, and we prove that BSC/;(X) coincides with the uni- 
versal totally disconnected Hausdorff compactification TDC(X) of X, i.e. the totally dis- 
connected Hausdorff compactification of X which satisfies the following universality: 
For a totally disconnected compact Hausdorff topological space Y and a continuous map 
/ : X — > y, there uniquely exists a continuous map BSCk(f) '■ BSC^:(X) Y such that 
/ = BSCkif) ° i-k- See Theorem 13. 3 1 and its corollaries. In addition if is a finite field or a 
local field, then the two compactifications SCkiX) and BSCyt(X) coincide. Proposition 13. 8 1 
and Corollary 13.91 We listed the one-to-one correspondences which appear in this paper: 

SC (X) - universal compactification of X with the extension 
property for a ^-valued bounded continuous function 

TDC(X) = the universal totally disconnected Hausdorff compactification of X 
UF(X) = the space of ultrafiltres of the Boolean algebra CO(X) of clopen subsets of X 

"m 

Max(Cbd(X, k)) = the space of maximal ideals of C^diX, k) 



Sp(Cbd(X, k)) = the space of closed prime ideals of Cbd(^, k) 
BSCj:(X) = the space of characters of Cbd(X, k) over k 
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They are homeomorphisms in fact, but we will not deal with all of the continuity. For 
example, we will verify that the composition BSC<:(X) — > UF(X) is a homeomorphism. 
This characterisation of Berkovich's spectrum BSCi(X) is purely topological, and it fol- 
lows the compactification BSCyt(X) is independent of the choice of the non- Archimedean 
base field k. It yields the significant corollaries. First, if ^ is a finite field or a local 
field, the compactification BSC<;(X) of X, being homeomorphic to the universal totally 
disconnected Hausdorff compactification TDC(X), satisfies the extension property for 
a ^-valued bounded continuous function. Corollary 13.101 as the Stone-Cech compacti- 
fication does for a real-valued bounded continuous function. Secondly, if is a local 
field, the non- Archimedean commutative C*-algebra Cbd(^, ^) satisfies the weak auto- 
matic continuity theorem. Theorem 14.51 Namely, for a Banach fc-algebra =2/, any in- 
jective fc-algebra homomorphism (p : Cbd(^, fc) > =2/ whose image is closed is always 
continuous. In particular the automatic continuity theorem gives a criterion for the conti- 
nuity of a faithful linear representation of the non- Archimedean commutative C* -algebra 
Cbd(^, k) on a Banach space, Corollarv l4.6[ Thirdly, if X is totally disconnected and Haus- 
dorff, the non-Archimedean generalised Stone- Weierstrass theorem immediately gives 
the non-Archimedean Gel'fand theory for totally disconnected Hausdorff compactifica- 
tions whose structure continuous map is a homeomorphism onto the image. Theorem 
15.81 We call such a compactification a faithful totally disconnected Hausdorff compact- 
ification. The non-Archimedean Gel'fand theory here is the canonical contravariantly 
functorial one-to-one corresponding between the collection ^{X) of equivalence classes 
of a faithful totally disconnected Hausdorff compactifications of X and the set '^'{X) of 
closed /:-subalgebra of Cbd(^, k) separating points of X. 

^{X) i — > "tf'iX) 
[f,X^Y] ^ lm(f : C(Y, k) ^ C^iX, k)) 
{X ^ BSC^(X) -» ^ {£/ G Cm(X, k)). 

Finally, the ground field extension BSCa:(X) — > BSC/t(X) induced by the extension 
Cbd(^, k) Cbd(^, K) of the scalar for an extension K/k of complete valuation fields 
is a homeomorphism. Corollary 16.21 There is another ground field extension induced by 
the universality of the complete tensor product in the categories of Banach ^-algebra. We 
will see the difference of those two ground field extension in Theorem 16.61 

1 Ultrafiltres 

Throughout this paper, let Z be a topological space. In order to interpret a maximal 
ideal of the Banach fc-algebra Cm{X, k) in §|2l we introduce the notion of the Boolean 
algebra CO{X) of clopen subsets of X, and the space UF(X) of ultrafiltres of CO{X) in 
this section. 

Definition 1.1. A subset U c X is said to be clopen if it is closed and open. Denote by 
CO{X) c 1^ the collection of clopen subsets ofX. 
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Example 1.2. The total set X itself and the empty set is clopen subset of X. The 
following relations between CO{X) and the connectedness ofX hold: 

(i) The underlying set ofX is the empty set if and only ifCO{X) = {0}; 

(ii) Suppose X is not empty. Then X is connected if and only ifCO{X) = {0, X}; 

(Hi) Suppose X is locally compact and Hausdorff. Then X is totally disconnected if and 
only if CO{X) forms the open basis ofX; and 

(iv) The topology ofX is discrete if and only ifCO{X) = 2^. 

Concerning the criterion ( Hi), we will deal with an analogous criterion in Lemma \1.19\ 

Definition 1.3. A Boolean algebra is data {A, V, A, ->) of a set A, binary operations V 
and A on A, and an unary operation -lonA satisfying the following : 

(i) The operations V and A are associative, i.e. one has 

aW (by c) = (aW b)V c, a A (b A c) = (a A b) A c 
for any a,b,c e A; 

( ii) The operations V and A are commutative, i. e. one has 

a W b = b V a, a A b = b A a 

for any a,b,c e A; 
(Hi) The operations V and A are distributive, i.e. one has 

a V (b A c) = (a V b) A (a y c), a A (b W c) = (a A b) V (a A c) 
for any a,b,c e A; and 
(iv) There is an element ±e A such that 

aW ±= a, aV (^a) = ^ ±, a A (-i ±) = a, a A (-la) =± 
for any a e A. 

Note that the element ±e A in the condition (iv) is unique, and call it the identity with 
respect to V. Also call J. the identity with respect to A. 

Note that a Boolean algebra admits the canonical structure of a commutative F2- 
algebra setting a + b := (ay b) A -i(a A b) = (a A (-^b)) M (b A (-^a)) and a ■ b := a A b 
for each a,b e A. Such an F2-algebra satisfies a^ = a for any a e A. Note that one 
has aVb = a + b + a- b = (a + l)-(b+l)- \ and -la = I - a for any a,b e A. The 
correspondence (A, V, A, (A, +, ■) is one-to-one between Boolean algebra structures 
on A and commutative F2-algebra structures on A with respect to which each element of 
A is an idempotent. 
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Example 1.4. Let P <z 2^ be a non-empty family of subsets ofX which is stable under 
finite unions, finite intersections, and taking the complements. Then (P, U, n,Z\-) is a 
Boolean algebra which admits the identity & e P with respect to U. 

Definition 1.5. Call {CO(X), U, n, X\-) the Boolean algebra generated by clopen subsets 
ofX. We simply write CO(X) instead of(CO(X), U, Pi, X\-)for short. 

Definition 1.6. Let (A, V, A, be a Boolean algebra. A subset G A is said to be a 
filtre of (A, V, A, -i) if it satisfies the following: 

(i) - ±G ^; 

(ii) a Ab e ^ for any a,b e and 

( Hi) aVbe^ for any a e A and b e ^ . 

A filtre ^ <z A is said to be an ultrafiltre if ^ A and there is no filtre o/(A, V, A, -i) 
which does not coincide with A and which properly contains ^ . Denote by UF{A, V, A, -i) 
the set ofultrafiltres of (A, V, A, -i), and endow it the topology given in the following way: 
A subset c UF{A, V, A, is said to be open if for any ^ e there is some a e A 
such that a e and ^ e ^ for any ^ e UF{A, V, A, -i) containing a. 

Definition 1.7. Set UF(X) := UF{CO{X)). 

Remark 1.8. If X is discrete, then UF{X) coincides with the space of set-theoretical 
ultrafiltres ofX, and satisfies the universality of the Stone-Cech compactification SC{X) 
OfX. 

Example 1.9. For a point x &X, consider the filter 

^(x) := { [/ 6 COiX) \xeU}c CO{X). 

Then J^(x) c CO{X) is an ultrafiltre. Call such an ultrafiltre a principal ultrafiltre. 

Be careful that an element of UF(X) is a collection of clopen subsets of X, and is not 
a set-theoretical ultrafiltre of the family 2^, UKurU 1 .VII. We will deal with the relation 
between UF(X) and the topological properties of X in Lemma fl.191 

Lemma 1.10. In the situation in Definition U .6\ for a subset S <z A, set 

Fils := { (ai A • • • A a„) V I n e N, ai, . . . , a„ e 5, Z? 6 A } c A. 

Then Fils is the smallest filter containing S . In addition ifai A ■ A a„ i^±for any n eM 
and ai, . . . , a„ G S , one has Fils ^ ^- Note that the wedge of an empty family is defined 
as -I ±€ A here. 
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Proof. The first assertion is obvious. In order to verify the second assertion, it suffices 
to show that J.^ Fils. Assume J.e Filj. Then there are a non-negative integer n G N, 
elements e 5, and an element b e A such that (ai A • • • A a„) W b =±. Set 

a := ai A ■ ■ ■ A a„ e A. Then one has 

a = aW ±=a\' {b A {->b)) = (a V Z?) A (a V {-^b)) =± A{a V (-.Z?)) 
= ± V(± A(a V i-^b))) = {{a V i^b)) A (-(a V (-Z?)))) V (± A(a V (-Z?))) 
= ((a V (-Z7))V ±) A (-(a V (-Z7))) = (a V (^b)) A (-(a V (-Z?))) =±, 

and it contradicts the condition of S . Thus ±^ Fil^ . □ 

Lemma 1.11. In the situation in Definition U .6\ for a filter ^ <z A, there is an ultrafiltre 
containing ^ . In particular, UF(A, V, A, -i) is empty if and only if A is the trivial Boolean 
algebra ({-L}, id, id, id). 

Proof. Use Zom's lemma against the family of filtres containing ^ . An increasing union 
of filtres is a filtre. □ 

Proposition 1.12. In the situation in Definition \1.6\ a subset ^ <z A is an ultrafiltre if 
and only if it satisfies the following: 

(i) ' ±i^; 

(ii) ' a Ab e ^ for any a,b e 

(Hi) ' aW b e ^ for any a e A and b e 
(iv)' a G ^ or -la e ^ for any a e A. 

Proof. The conditions (ii)' and (iii)' are the same with the conditions (ii) and (iii) in 
Definition ! 1.61 To begin with, suppose satisfies the conditions (i)'-(iv)'. The condition 

(i) ' guarantees that ^ A. Take a filtre $f c A properly containing Take an 
element a'^\^ 0. The condition (iv)' guarantees that -la e ^ c $f , and the condition 

(ii) in Definition 11.61 implies J.= a A (-la) e 5f . Therefore for any b e A, one has 
b = bv ±=± VZ? e ^ by the condition (iii) in Definition ! 1.6[ and hence ^ = A. It follows 
^ is an ultrafiltre. On the other hand, suppose ^ is an ultrafiltre. The conditions (ii)' 
and (iii)' hold by the conditions (ii) and (iii) in Definition ! 1.6! Assume -Le Then for 
any a e A, one has a = aW ±=± Va e ^ by the condition (iii)', and hence ^ = A. 
It contradicts the assumption that ^ is an ultrafiltre, and therefore the condition 
(i)'. Assume there is an element a e A such that a i ^ and -la i ^ . Set 

^ := Fil^u5 

and then one has 

= {{a Ab)\l c\b ^ ^ , ceA}cA. 
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Indeed the right hand side is a subfilter of 5f containing a = (a A -L))V _L, and for an 
element b & one has 

b = 1.) ^b = {ay (-.a)) Ab = (aAb)W ((-.a) A £>) = (J. V(a A b)) V ((-.a) A Z?) 
= (((a Ab) A (^{a A b))) V (a A b)) V ((^a) A ^) 
= (((a Ab)W {a A b)) A ((^(a A Z?)) V (a A £>))) V ((-.a) A Z?) 
= (((a A £>) V (a A Z?)) A (-. ±)) V ((-.a) A £>) = (((a Ab)y {a A b)) V ((-.a) A b) 
= {a Ab)y {{a Ab)V ((-.a) A b)) = {aAb)V {{a V (-.a)) A Z?) 
= (a Ab)V ±) Ab) = {a Ab)\/ b e ^. 

Since ^ is an ultrafiltre, one obtains ^ = A. In particular _Le 5f , and hence there are 
elements b e ^ and c e A such that (a Ab)V c =±. It follows that 

±= (a A Z?) V c = ((a A Z?) V (a A Z?)) V c = (a A Z?) V ((a A Z?) V c) 
= {a Ab)^ ±= a Ab 

and therefore 

-.a = (-'a)V ±= (-.a) V (a A £>) = ((-.a) V a) A ({->a) V 
= (-. -L) A ((-.a) V Z?) = (-.a) ybe,^. 

It contradicts the condition that ->a ^ We conclude that a e ^ or -la e ^ for any 
a e A: the condition (iv)'. □ 

Similarly with set-theoretical ultrafiltres of a topological space, we will verify that 
the space UF(X) gives the criterion for the compactness and the Hausdorffness of X in 
Lemma 11.191 Be careful that there are many differences between the notion of a set- 
theoretical ultrafiltre and an ultrafiltre here. 

Proposition 1.13. The map ^(O : X UF{X) is continuous and its image is dense. 

Proof. The continuity is obvious because the pre-image of the open subset e UF{X) \ 
U e ^} for a clopen subset U e CO{X) is the clopen subset U <z X itself. In order to 
prove the density, take an ultrafiltre ^ e UF(X) and a clopen subset U 6 UF(X) with 
U 6 In particular U (D, and hence the intersection of the image of ^(0 and the 
open neighbourhood {.^ e UF{X) \ U e ^}oix contains the non-empty image oiU (zX 
by ^(O. □ 

Definition 1.14. A point x e X is said to be a cluster point of an ultrafiltre ^ 6 UF{X) 
if ^ contains all clopen neighbourhood of x. 

Example 1.15. A point x eX is a cluster point of the principal ultrafiltre ^{x) e UF(X) 
by definition. 

Unlike a set-theoretical ultrafiltre, the existence of a cluster point assigns a strong 
restriction of an ultrafiltre. An ultrafiltre consists of open subsets, and hence has much 
more information of the topology of X than a set-theoretical ultrafiltre does. 
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Lemma 1.16. If an ultrafiltre ^ e UF(X) has a cluster point, then ^ is a principal 
ultrafiltre. 

Proof. Let x e Xhe a cluster point of Then ^ contains the principal ultrafiltre ^(x) 
by definition, and hence coincides with ^(x) by the maximality of an ultrafiltre. □ 

Lemma 1.17. The set of cluster points of an ultrafiltre ^ e UF{X) coincides with the 
intersection H ^ of all clopen subsets belonging to ^ . 

Proof. For a cluster point x e X, one has x e H ^(x) = f]^. For a point x e f]^, 
assume there is a clopen neighbourhood U e CO{X) of x such that U i ^ . Then one 
obtains X\U e ^ , and it contradicts the condition x 6 f] ,^ . Thus x is a cluster point of 
^. □ 

Lemma 1.18. IfX is an infinite set endowed with the discrete topology, the space UF{X) 
of ultrafiltre s contains a non-principal ultrafiltre. 

This is obvious if we use the fact that the space UF(Z) of ultrafiltres of X satisfies the 
universality of the Stone-Cech compactification SC(X) of X. Moreover the stronger fact 
for the cardinality. That is, #UF(X) = 2^ in this situation. We do not use those facts 
here, and hence we give an alternative proof. 

Proof. Since X is an infinite set, there is a set-theoretical injective map /: N X. For 
each natural number n e N, set t/„ := {/(m) | m e N, m > n} c X. Since Uq D Ui D ■ ■ ■ 
and Un 0, the family {i7„ | n e N} c CO(X) = 2^ is contained in an ultrafiltre ^ e 
UF(X) by Lemma fTTTOl and Lemma fTTTTl Since / is injective, one has f]^ c f]„ U„ = 0, 
and hence ^ has no cluster point. Therefore the ultrafiltre ^ is not principal. □ 

Lemma 1.19. Suppose CO(X) forms an open basis ofX. Then the following hold: 

(i) X is compact if and only if every ultrafiltre has at least one cluster point; 

(ii) X is Hausdorjf if and only if every ultrafiltre has at most one cluster point; and 

( Hi) X is a totally disconnected compact Hausdorjf topological space if and only if every 
ultrafiltre has precisely one cluster point. 

Note that in the assumption that CO(X) forms an open basis ofX, X is Hausdorjf if and 
only ifX is totally disconnected, and therefore the criteria ( i) and ( ii) immediately imply 
the criterion ( Hi). 

Proof. If X is compact, an ultrafiltre has a cluster point because the intersection f].^ is 
non-empty by the finite-intersection property of the compact topological space X. On the 
other hand, suppose every ultrafiltre has at least one cluster point. Assume X is compact. 
Since CO(X) forms an open basis of X, there is a clopen covering ^ c CO(X) of X which 
has no finite subcovering. In particular, the complements Y := {U e CO{X) \ X\U e ^} 
satisfies f^y = and any finite intersection of clopen subsets in Y is non-empty. Then 
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by Lemma [1.1 01 and Lemma [1.1 11 there is an ultrafiltre ^ e UF(X) containing 1^. One 
has n mathscrF G f]y = Q, and it contradicts the assumption that every ultrafiltre has 
at least one cluster point. Thus X is compact. 

If X is HausdorfF, then obviously the continuous map ^(0 : X UF(X) : x ^(x) 
is injective because CO(X) forms an open basis of X. Suppose every ultrafiltre has at 
most one cluster point. Assume X is not Hausdorff. There are two distinct points x,y e X 
such that any clopen neighbourhoods of x and y have the non-empty intersection. In other 
words, one has i7 n V ^ for any (U,V) e ^(x) x ^(y). Take a clopen neighbourhood 
U e ^(x) of X. By the argument above, one has X\U i ^(y), and hence U e ^(y). It 
follows ^(x) c ^(y), and therefore ^(x) = d^iy) by the maximality of an ultrafiltre. It 
follows that both x and y are two distinct cluster points of .^{x) = ^(y), and it contradicts 
the assumption that every ultrafiltre has at most one cluster point. Thus X is Hausdorff". 

□ 

Corollary 1.20. In the situation in Lemma \1.19\ the following hold: 

(i) X is compact if and only if the continuous map ^(0 is surjective; 

(ii) X is Hausdorff if and only if the continuous map ^(0 is injective; and 

(Hi) X is a totally disconnected compact Hausdorff topological space if and only if the 
continuous map is a homeomorphism. 

Note that in the criteria (i) and (Hi), the continuous map ^{f) is obviously open by the 
definition of the topology ofUF(X). 

We verify that UF(X) has the universality of the universal totally disconnected Haus- 
dorff" compactification TDC(X) of X. 

Proposition 1.21. The space UF{X) is a totally disconnected compact Hausdorjf topo- 
logical space. 

Proof. For a clopen subset U e CO(X), one has 

UF(X) = e UF(X) \ U e^}u{^ e UF(Z) \X\U e 

and hence CO(UF(X)) forms an open basis of UF(X). Therefore it suffices to show that 
UF(X) is compact and Hausdorff. 

Assume UF{X) is not compact. There is a clopen covering ^ c CO(UF(X)) of 
UF(X) which has no finite subcovering. In particular, the complements Y := {U e 
CO(UF(X)) \ X\U e satisfies (^Y = (D and any finite intersection of clopen subsets 
belonging to Y is non-empty. Since the map ^i-) is continuous, the pull-back ^{-yy := 
I V 6 is a non-empty collection of clopen covering of X satisfying that 
f]^(-yy = and any finite intersection of clopen subsets belonging to ^(O*"^ is 
non-empty. Then by Lemma 11.101 and Lemma 11.111 there is an ultrafiltre ^ e UF{X) 
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containing ^{-yy . Since ^ covers UF(Z), there is a clopen subset U & ^ containing 
^. The pre-image V G ^{-yY of the complement UF(X)\C/ e 1^ is contained in 
the ultrafiltre ^ because ^{-yy c ^. By the definition of the topology of UF(X), 
there is a clopen subset W e ^ such that e ^ implies ^ e [/ for an ultrafiltre 
5f e UF(X). Since V, W e ^, one has V n W e ^ and hence U Take a point 

jc e f/ n y c Z. Since V = ^(0 HUF(X)\f/), one has ^{x) i U, but it contradicts the 
condition x£W c ^(-y^U). Thus UF(X) is compact. 

Take two distinct ultrafiltres e \JF(X). Since ^ ^, there is a clopen subset 
U G CO(X) such that U is contained in precisely one of them. Simultaneously, the 
complement X\U is contained in precisely one of them, and the one containing U does 
not contain X\U. Therefore the partition 

UF(X) = G UF(X) I f/ G ^} U G UF(X) I X\U G ^} 

by clopen subsets of UF(Z) separates =^ and ^, and thus UF(X) is Hausdorff. □ 

Corollary 1.22. One has UF(X) = UF(UF(X)). 

Proposition 1.23. The space UF(X) satisfies the universality of the universal totally 
disconnected Hausdorff compactification TDC(X) of X with respect to the continuous 
map =^(0 : X — > UF(X), i.e. for a totally disconnected compact Hausdorff topologi- 
cal space Y and a continuous map f: X ^ Y, there uniquely exists a continuous map 
UF{f) : UF{X) Y such that f = UF(f) o ^{-l 

Proof. The uniqueness of the continuous extension UF(/) is trivial because the image 
of X is dense in UF(X) and Y is Hausdorff". We define UF(/). Take an ultrafiltre ^ G 
UF(Z), and set UF(/),^ := {V e CO(Y) \ f-\U) g Then it is obvious that 
\J¥(jy^ G UF(y), and denote by UF(/)(^) G Y the unique cluster point of the totally 
disconnected compact Hausdorff topological space Y. One obtains a well-defined map 
UF(/): UF(X) ^ Y. The pre-image of a clopen subset U e €0(7) by UF(/) is the 
clopen subset e UF(X) \ f'\U) e c UF(A'), and hence UF(/) is continuous. 
For a point x e X, take a clopen neighbourhood U e CO(Y) of f(x) G Y. Since / is 
continuous, the pre-image f'^(U) c X is a clopen neighbourhood of x G Z, and hence 
one has f-\U) G ^(x). It follows U G \JF(fy^(x), and therefore f(x) G F is the 
cluster point of \JF(fy^(x). Thus \JF(f)(^(x)) = f(x). □ 

Corollary 1.24. The correspondence UF determines a functor from the category Top 
of topological spaces to the full subcategory of totally disconnected compact Hausdorff 
topological spaces which is the left adjoint functor of the inclusion of the full subcategory. 

2 Maximal Ideals 

Throughout this paper, let /c be a complete valuation field of rank 1 . In this section, we 
determine the maximal spectrum Max(Cbd(Z, k)) of the commutative Banach ^-algebra 
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Cbd(^, k) of fc- valued bounded continuous maps on X, using the space UF(X) of ultrafil- 
tres introduced in ffl 

Definition 2.1. Denote by ChjiX, k) the Banach k-algebra of k-valued bounded continu- 
ous functions on X endowed with the supremum norm. For a prime ideal m c Cbd{X, k), 
set 

■.= {U e CO{X) \\uim](i CO{X). 

Proposition 2.2. For a prime ideal m c Cbd(X, k), the subset c CC>(X) is an ultrafil- 
tre. 

Proof. We verify the conditions (i)'-(iv)' in Proposition 11.121 Since 1© = e m, one 
has i the condition (i)'. Take a clopen subset U e CO(X). If lu i m, then 
U e by definition. Suppose 1(/ e m. Since 1 ^ m, one has \x\u = \ - \ u i m, and 
hence X\IJ e It follows U e or X\U e for any U e CO(X): the condition 
(iv)'. Take clopen subsets U,V e ^y^. Then one has I;/, ly ^ m by definition and hence 
If/ny = If/ly i Therefore i7 n V e the condition (ii)'. Finally take clopen 
subsets U e CO(X) and V e One obtains ly ^ m by definition, and lx\v e m by the 
condition (iv)'. Therefore l^uy = 1 - lx\(f/uy) = 1 - l(x\f/)n(z\v) = 1 - ^x\v^x\v i m, and 
hence U UV e ^,„: the condition(iii)'. Thus c CO{X) is an ultrafiltre. □ 

Example 2.3. For a point x e X, consider the ideal 

m, := { / e Cm(X, k) \ fix) = } c C^X, k). 

Then m^ c Cbd(X, k) is a maximal ideal, and one has ^,„^ = ^{x). 

Lemma 2.4. The map 

Spec(Cbd(X,k)) ^ UF(X) 
m i-> 

is anti-order preserving with respect to the inclusions. Since an ultrafiltre is maximal 
with respect to the inclusions of non-trivial filtres, it implies ^„,j = ^^^for any closed 
prime ideals my c m2 c CbdiX, k). 

Proof. Trivial by the definition of □ 

Definition 2.5. Let Rbe a commutative topological ring. Denote by Sp(R) c Spec{R) the 
subset of closed prime ideals and by Max{R) c Spec{R) the subset of maximal ideals. 

Note that for a Banach yt-algebra j/, one has Max(i^) c Sp(£/) by llBGRl 1.2.4/5, 
but the converse inclusion does not hold in general. For example, a Banach fc-algebra 

which is an integral domain and is not a field, such as the Tate algebra k{T}, has a 
non-maximal closed ideal {0} c s^. 
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Proposition 2.6. The restriction ^. : Sp{Cbd(X, k)) —> UF{X) is injective. 

Proof. Take two closed prime ideals mi,m2 e Sp(Cbd(^, k)), and suppose = It 
suffices to show that m.\ c m2. Take an element f e nii. For a positive number e > 0, set 
Ui; := {x e X \ \f(x)\ < e}, and then t/^ c X is a clopen subset. Indeed ^7^ is open by the 
continuity of /. For any x 6 X\Ue, there is an open neighbourhood U G X of x such that 
l/Cv) ~ f(^)\ < f for any y e U. Then for any y e U, one has = > e because 
l/Cv) - /(^)l < e < and hence [/ c X\U,. It follows c X is open. Set 

:= (1 - If/J/ e Cbd(X, Since / e mi, one has e mi. Since the absolute value of 
fe + ^u, G Cbd(X, ^) at each point in X has the lower bound min{6, 1 }, and hence its inverse 
is a bounded continuous function on X. It implies that + 1 j/^ is invertible in Cm{X, k), 
and therefore lu^ i m\. It follows IJe e = ^nn, and hence \ - = \x\u^ ^ m2. 
Thus /e = (1 - If/J/ e m2, and the inequality ||/ - = ||1c/e/II ^ f guarantees f e nij 
by the closedness of m2. □ 

Corollary 2.7. One /za5 SpiCbdiX, k)) = MaxiCbd(X, k)). 

Proof. The assertion immediately follows from Lemma 12. 4l and Proposition l2.6[ □ 

Proposition 2.8. The restriction ^. : Max(Chd(X, k)) — > UF{X) is bijective. 

Proof. If X = 0, the both hand sides are the empty sets, and hence we may and do 
assume X 0. By Proposition I2.6[ it suffices to verify the surjectivity. Take an ultrafiltre 
^ e UF(X). Set 




The subset m c C\,d(X,k) is obviously an ideal, and since \l(x)\ = 1 for any x e X Q, 
one has \ im. The map 

ll-IU: Cbd(X,fc) ^ [0,oo) 

/ ^ inf sup |/W|< 11/11 

is a contraction map as a map between metric spaces, and hence is continuous. Since 
{0} c [0, oo) is closed, m is a closed ideal. For bounded continuous functions f,g & 
Cbd{X, k), suppose that fg e m. Assume f i m, and we prove that ^ e m. If g = 0, then 
gem. Therefore we may and do assume g 0. Since f i m, there is some positive 
number 6 > such that the subset 

V ■.= [xeX\\f{x)\<e'^^], 

which is clopen by a similar calculation with that in the proof of l2.6[ does not belong to 
^. Since ^ is an ultraffitre, one has X\V e ^ and hence U\V = U D iX\V) 6 ^. For a 
point X e U\V, the inequality \g(x)\ = \f(x)\~^\f(x)g{x)\ < 6^^^ implies sup^g^; \g(x)\ < e. 
Therefore \\g\\.-^ = 0, and thus gem. We conclude that m is a closed prime ideal, and is 
a maximal ideal by CoroUarv 12.71 It is obvious that = ^ ■ □ 
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3 Characters 



In this section, we study the relation between the HausdorfF compactifications SCt(X) 
and BSCi;(X) referred in ^ the maximal spectrum Max(Cbd(^, k)), and the ultrafiltres 
UF{X). Note that the bijective map Max(Cbd(^, ^)) — > UF(X) in i2]is a homeomorphism 
with respect to the Zariski topology of Max(Cbd(^, k)) in fact, but we do not use this fact 
in this paper. 

Definition 3.1. Denote by BSCkiX) Berkovich's spectrum, the space ^k(Cbd(.X,k)) of 
the equivalence classes of characters, [Be^ 1.2, of the commutative Banach k-algebra 
Cbd(X, k) and by Lt'. X ^ BSCtiX) the evaluation map 

Lk-.X BSCkiX) 

X 1-^ (Lkix): f \f(x)\). 

Berkovich 's spectrum BSCk(X) is a compact Hausdorff topological space by l[Ber\l 1.2.1, 
and the map ik is continuous by the definition of the topology of BSCuiX). 

Definition 3.2. For a point x e BSCk{X), denote by supp(x) e Sp(Cbd(X, k)) = Max(Cbd(X, k)) 
the support of x, i.e. supp(x) = {/ e ChdiX, k) \ \f{x)\ := x{f) = 0}, and by supp the map 

supp: BSCkiX) Max(Cbd{X,k)) 
X i-> supp(x), 

which is continuous with respect to the Zariski topology ofMax(Cbd(X, k)). 

Theorem 3.3. The composition ^supp '■= ° supp : BSCkiX) —> UF(X) is a homeomor- 
phism. 

Proof. To begin with, we prove the bijectivity. Since is bijective, it suffices to show 
that supp is bijective. The surjectivity of supp is proved in the proof of HBerl 1.2.1. 
Before proving the injectivity of supp, we study for a maximal ideal m e Max(Cbd(^, k)) 
the relation between the quotient seminorm || • +m|| at m and the map || ■ \\^^^ defined in 
the proof of Proposition |2]8] For a bounded continuous function / e Cbd(^, k), one has 

11/ + mil = inf 11/ - ^11 > inf ||/ - g\y„, = inf ||/|U„ = ||/|U„, 

gem gem gem 

Assume ||/ + m|| > ||/||j?^^. Take a positive number r e (||/||,j?,„, ||/ + m||). Set 

U:={xeX\\f(x)\>r}, 

and then U (Z X is clopen by a similar calculation with that in the proof of Proposition 
l2!6l IfUe then one has 
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and hence it contradicts the condition r < It follows U i ^„,, and therefore 

lu &rn. One obtains 

||/ + m||<||/-lf;/|| = ||lxw/ll<^, 
and hence it contradicts the condition r > ||/ + m||. It follows ||/ + m|| = ||/| 



Next, we prove that the map || • ||j?„, is a bounded multiplicative seminorm on Cbd(^, k). 
It is obviously a bounded power-multiplicative seminorm, and it suffices to show the mul- 
tiplicativity. Take two bounded continuous maps f,g & Cbd(^, ^) and assume ||/^||,j^,„ < 
ll/llj?,„ll.?ll.^,„- In particular f,g ^ m. Take a sufficiently small positive number e > such 
that the conditions r > \\f\\,^J - e and s > \\g\yj - e for positive numbers r,s>0 imply 
rs > \\fg\y,„. Set 

Vr.= {xeX\ \f(x)\ > \\fU„. - e ] 
V2:={xeX\\g{x)\>\\g\y„,-e], 

and then V\,V2 c X are clopen by a similar calculation with that in the proof of Proposi- 
tion [2]6l If Vi i then one has XXVx e ^,„, but the inequality 

< sup l/WI > ||/|L^„ - 6 

contradicts the condition 6 > 0. Therefore Y\ 6 ^,„. Similarly one obtains V2 e and 
hence Vi n V'2 e ^m- Then the inequality 

\\fg\y,^= inf sup|/W^W|> inf sup \fix)\\g{x)\ 



= 11/^11 



implies the assumption < ||/||.j?„||^||.j?,„ is false. We conclude that the map || • 

is a bounded multiplicative seminorm, and hence corresponds to a point in Berkovich's 
spectrum BSC^:(X). 

Now Take a point x 6 BSC^(X). Since INIj^supp(v) coincides with the quotient seminorm 
||--l-supp(jc)||, one has \ f(x)\ < ||/||^supp(^) for any / e Cm{X, k). It follows that x determines 
a bounded multiplicative norm of the complete residue field at the point of BSC<;(X) 
corresponding to the bounded multiplicative seminorm || • IL?supp(v)' ^nd hence x = || • 
ll.^supp(v) because Berkovich's spectrum of a Banach fc-algebra whose underlying fc-algebra 
is a field and whose norm is multiplicative is a singleton by [BerJ 1.3.4/(i). Thus x is 
presented by its image of the composition d^^upp, and hence =^supp is injective. 

We verify the continuity of =^supp- Take a clopen subset U e CO(X), and set ^ := 
G UF(X) \ U e^}. The pre-image of by ^supp is the subset 

{ X e BSC^X) I U e ^^uppw ] = {xe BSC^X) \lu€ supp(x) } 
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= {xeBSQ(Z)||l[;(x)| >0}cBSQ(Z), 

and it is open by the definition of the topology of Berkovich's spectrum. Therefore ^supp 
is continuous. On the other hand, take a bounded continuous function / e Cbd(^, k) and 
an open subset / c [0, oo). Consider the open subset Y := {x £ BSC^(X) | |/(jc)| e /}. 
The pre-image of Y by the evaluation map 1^: X ^ BSC^iX) is the clopen subset V := 
{x £X\ \f(x)\ G /}. The image of y by =^supp is the subset 

{ ^ e UF(X) 1 11/11^ G / } = { ^ e UF(Z) | V g ^ } c UF(X), 

and it is open by the definition of the topology of the space of ultrafiltres. Therefore ^supp 
is an open map, and it completes the proof. □ 

Corollary 3.4. Berkovich 's spectrum BSCk(X) is the universal totally disconnected Haus- 
dorff compactification TDC(X) ofX. 

Corollary 3.5. The image of the evaluation map X — > BSCk(X) is dense. 

As a consequence in the case kha finite field or a local field, we verify that Berkovich's 
spectrum BSCi(X) coincides with the universal compactification SC^(Z) of X with the 
extension property for a fc-valued bounded continuous function. 

Definition 3.6. Denote by Chd(X,k)(l) c Chd(X,k) the collection C(X,k°) of k-valued 
bounded continuous functions on X which take values in the ring k° c k of integral 
elements, and consider the evaluation map 

X ^ (f(x))f^cM(XMi)- 

By the definition of the direct product topology, ik is continuous. The closure SCk(X) of the 
image ofi^ is a totally disconnected compact Hausdorff topological space endowed with 
the restriction Lk'. X ^ SCk(X) because k° is a totally disconnected compact Hausdorff 
topological space. 

Proposition 3.7. The totally disconnected Hausdorff compactification SCk(X) satisfies 
the extension property for a k-valued bounded continuous function, i. e. for a k-valued 
bounded continuous function f G Cm{X, k), there uniquely exists a k-valued bounded 
continuous function SCk(f) G Cbd(SCk(X),k) such that f = SCkif) o i^. Moreover one 
has 11/11 = \\SQ(f)\l 

Proof. The uniqueness of the extension and the norm-preserving property is obvious 
because Lk(X) c SCk(X) is dense and k is Hausdorff. We construct the extension SC^if). 
It is obvious that there is an invertible element a e k^ such that ||/|| < \a\ by the definition 
of the supremum norm and by the multiplicativity of the norm of k. For a point x = 

(Xg)geCM{XMi) s SC^(X), set SCk(f)(x) := axa-i / g ak° c k. The value SCkif)(x) e k is 
independent of the choice of an invertible element a e k^. Indeed, take two invertible 
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elements ai,a2 e k'^ and suppose ||/|| < min{|ai|, lail}. For a point y e X, one has 

i-k(y)a-'f = a'l^fiy) and Lk(y)a~'f = «2'/Cy)- it follows that aiLk{y)a->f = a2i-k(y)a-'f e k. 
Since the image Lk{X) c SCk(X) is dense, one obtains aix^-i y = a2X^-if e k, and therefore 
the value SCk{f){x) e k is independent of the choice of a. In the calculation above, 
one acquires that SCtif) ° lu = f- The continuity of SCkif) is obvious because it is the 
restriction of the canonical projection. □ 

Proposition 3.8. Suppose k is a finite field endowed with the trivial valuation or a local 
field, i.e. a complete discrete valuation field whose residue field is finite. The totally 
disconnected Hausdorff compactification SCk{X) is the universal totally disconnected 
Hausdorff compactification TDCiX) ofX. 

Remark that the condition of the base field k is easily removed when we assume the 
base topological space X is compact. The analysis of continuous functions on a compact 
topological space is quite classical. Concerning the relation between the topological 
condition that X is compact and the algebraic and analytic condition that is a finite field 
or a local field, see Theorem 16.61 

Proof. It suffices to verify that a totally disconnected compact Hausdorff topological 
space Y admits a homeomorphism onto the image into a direct product of copies of k° . 
Define a map (p in the following way: 

y ^ (^u{y))ueCOi¥)- 

It is injective because Y is totally disconnected and Hausdorff, and is continuous because 
the pre-image of the clopen subset given by the condition that the t/-entry is 1 (or 0) is 
the clopen subset U <z X (resp. X\U c X). In order to prove that is an open map onto 
the image, take a clopen subset U 6 €0(7). The image (p(U) c (p{Y) is the intersection 
of (f)(Y) and the open subset given by the condition that the i7-entry is contained in the 
open neighbourhood k^ c of 1. Thus is a homeomorphism onto the image. □ 

Now we obtain many direct corollaries about Berkovich's spectrum BSCi:(X). Note 
that we will see the converse of following corollaries in Theorem 16.61 

Corollary 3.9. In the situation in Definition \3. 8\ one has SCk(X) = BSCk(X). 

Corollary 3.10. In the situation in Definition \3.8\ the compactification BSCk(X) of X 
satisfies the extension property for a k-valued bounded continuous function. 

Corollary 3.11. In the situation in Definition \3.8\ the canonical homomorphism C{BSCk{X), k) 
Ctd(X, k) is an isometric isomorphism ofBanach k-algebras. 

Corollary 3.12. In the situation in Definition \3.8\ Berkovich 's spectrum BSCk{X) consists 
of k-rational points and any maximal ideal ofCtdiX, k) is of codimension 1. 
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Proof. The assertion immediately follows from the non- Archimedean generalised Stone- 
Weierstrass theorem for the compact Hausdorff topological space and the ring C(BSC<;(X), k) =/, 
Cbd(^, k) of continuous functions on it, HBerl 9.2.5/(i). □ 



In particular, any point of BSCi:(X) is peaked in the sense the complete residue field is 
a peaked Banach fc-algebra, [IBerll 5.2.1. The notion of a peaked point is useful when we 
consider the topology-theoretical multiplication of points of analytic group. We do not 
use facts of analytic groups, and if a reader wants, see PlBer] for conventions for analytic 
groups. 

4 Automatic Continuity Theorem 

The norm of the commutative Banach ^-algebra Cbd(^, k) is power-multiplicative, and 
we proved in Othat a maximal ideal of Cbd(^, k) is of codimension 1 when ^ is a finite 
field or a local field. Such a Banach fc-algebra is contained in a quite specific class of 
Banach function algebras, [BGRJ 3.8.3/1. One of the important classical problem for an 
Archimedean Banach function algebra is Kaplansky Conjecture, or the automatic conti- 
nuity problem in other words, and we want to consider the analogous question in the non- 
Archimedean case. When is any injective fc-algebra homomorphism : Cbd(^, k) '-^ £/ 
to a Banach fc-algebra continuous? The problem in the Archimedean case is deeply re- 
lated with the Set theory because the existence of such a discontinuous fc-algebra ho- 
momorphism is independent of the axiom of ZFC and depends on the negation of the 
continuum hypothesis. Now for a good class of Banach function algebra, a weakened 
version of the automatic continuity theorem. Theorem 14.51 is easily verified in the fol- 
lowing way: 

Lemma 4.1. Let be a commutative Banach k-algebra. For a maximal ideal m e =2/ 
of codimension 1, the canonical projection Im =^ k gives the decomposition 

= k®m as the orthogonal direct sum, i. e. the one has 

\\a + g\\ = max{|a|, 11^11} 

for any a € k and gem. 

Proof. Since the composition k £/ -» ■^//m is a bijective fc-linear homomorphism, 
one obtains the decomposition £/ = k®m as the direct sum of ^-vector spaces. Take an 
element / e and denote by /(m) e k the image of / in the quotient /m =1, k. In 
order to prove the orthogonality of the direct sum £/ = k ® m, it suffices to show that 
11/11 = max{|/(m)|, ||/ - /(m)||}. The inequality < is obvious. If |/(m)| ^ ||/ - /(m)||, the 
equality follows from the general property of a non- Archimedean norm, and hence we 
may and do assume |/(m)| = ||/ - /(m)|| without loss of generality. If /(m) = 0, then one 
has 1/ - /(m)| = and therefore / = /(m) -i- (/ - /(m)) = 0. Suppose /(m) 0. Assume 
11/11 < |/(m)|. Then one has ||/(m)-V|| < 1, and hence 

/ - /(m) = -/(m)(l - /(m)-V) e = 
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by HBGRII 1.2.4/4. It contradicts the fact / - /(m) e m, and thus ||/|| = |/(m)| = 
max{|/(m)|,||/-/(m)||}. □ 



Corollary 4.2. Suppose k is a finite field endowed with the trivial norm or a local 
field. For any maximal ideal m e Max(Chd(X, k)), the canonical projection Cm(X, k) 
Cbci{X, k)/m gives the decomposition Cbd{X, k) = k ® m as the orthogonal direct sum of 
k-Banach spaces. 

Proof. Straightforward from Corollary 13. 12 l and Lemma 14.11 □ 
Corollary 4.3. In the situation in Corollary \4.2\ one has 

11/11 = sup |/(m)| 

meMaxiCtdC^M) 

for any f e CtdiX, k), where f{m) G k is the image of f in the quotient Chd{X, k)/m k 
for a maximal ideal m e Max(Chd(X, k)). In particular the norm ofCbdiX, k) is determined 
by the algebraic structure of it. 

Proof. Since the norm of Cbd(^, k) is power-multiplicative, one has 

11/11= sup \f{x)\ 

.reBSC(X) 

for any / e C\^i{X,k) by HBerl 1.3.1. The assertion follows from the facts that the sup- 
port map supp : BSCa:(X) Sp(Cbd(^, k)) = Max(Cbd(^, k)) is bijective by the proof of 
Theorem 1331 and that \ f(x)\ = |/(supp(.x:))| by Corollary 14.21 □ 

Proposition 4.4. Suppose k is a local field. Then complete norms on the underlying 
k-algebra of Chd(X, k) are equivalent. 

Proof. Since is a local field, the norm of k is not trivial. Therefore the boundedness and 
the continuity of a ^-linear homomorphism between normed ^-vector spaces are equiv- 
alent, and it suffices to show that the identity id : Cbd(^, k) —> Cbd(^, k) is a homeomor- 
phism with respect to the metric topologies given by an arbitrary complete norm || • ||' 
of the domain and the supremum norm || ■ || of the codomain. By Lemma l4~n for the 
Banach ^-algebra (Cbd(^, k), \\ ■ ||') and CoroUarv 14.31 the identity id is a contraction map, 
and hence is continuous. Moreover, since the norm of k is not trivial, the open mapping 
theorem holds by HBGRI 2.8.1, and therefore the identity id is an open map. Thus the 
identity id is a homeomorphism. □ 

We finish the corollaries of Theorem 13 . 3 1 introducing the automatic continuity prob- 
lem for non- Archimedean commutative C* -algebras. Since Corollary 14.41 deals only 
with complete norms, the automatic continuity problem here is weakened to include the 
closedness condition of the image. 

Theorem 4.5. Suppose k is a local field, and let be a Banach k-algebra. Then any 
injective k-algebra homomorphism (p : ChdiX, k) whose image is closed is continu- 

ous. 
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Proof. Since the underlying metric spaces of Cbd(^, k) and are complete, it suffices 
to show that cp sends a Cauchy sequence in Cbd(^, k) to a Cauchy sequence in . Let 
II • 11': Cbd(^, ^) — > [0, oo) the composition of and the norm of . Then since (p is 
a homomorphism of fc- algebras, || ■ H' is a seminorm of a fc- algebra, and in addition the 
injectivity of (p guarantees that || • ||' is a norm of a ^-algebra. To begin with, we verify that 
II ■ II' is a complete norm. Take a Cauchy sequence {fdieu ^ Cbd(^, Kf^ with respect to the 
norm || ■ ||'. By the definition of || ■ ||', the sequence {(p{fi))ieH € is a Cauchy sequence, 
and hence it has the unique limit g e hy the completeness of . Since the image of 
(p is closed, g is contained in the image of (p, and hence there is an element / e Cbd(^, k) 
such that (pif) = g. One has 

lim 11/ - = lim mf - fdW = lim ||^ - (P(fd\\ = 0, 

r— >oo /— >co /— >co 

and hence the Cauchy sequence (/J),eN has the limit / e Cbd(^, Thus || • ||' is a com- 
plete norm. Now again take a Cauchy sequence (fi)ien e Cbd(^, kf^ with respect to the 
supremum norm. By Proposition 14.41 the sequence (fdien is a Cauchy sequence also with 
respect to the complete norm || • ||'. Therefore the image ((p(fi))ieN 6 --^^ is also a Cauchy 
sequence by the definition of || ■ ||'. we conclude cp is continuous. □ 

Corollary 4.6. Suppose k is a local field. Let V be a k-Banach space and p : CbdiX, k) x 
V ^ V a k-linear representation of a k-algebra Ctd{X,k). Suppose the following condi- 
tions hold: 

( i) The k-linear operator pf: V —> V: v ^ p(f, v) is bounded for any f e Cbd(X, k); 

(ii) The k-linear representation p is faithful, i.e. the equality pf = implies f = Ofor 
any f e Cbd(X, k); 

(Hi) The image of the induced k-algebra homomorphism p.: Chd(X,k) — > ^kiV) is 
closed, where ^k(V) is the Banach k-algebra of bounded operators on V. 

Then the k-linear representation p : Cbd{X, k) x V ^ V is a k-Banach representation of 
a Banach k-algebra, i.e. the induced k-algebra homomorphism p. : C^diX, k) — > ^^ki^) is 
bounded. 

5 Gel'fand Theory 

In this section, we establish the non- Archimedean Gel'fand theory for a totally discon- 
nected Hausdorff" topological space. Before that, recall that a completely regular Haus- 
dorfi" topological space, which is a topological space which can be embedded in a direct 
product of copies of the closed interval [-1, 1] c S.. A direct product of copies of the 
closed interval [-1,1] is a compact Hausdorff" topological space. Since the compact- 
ness is not hereditary for a subspace, a completely regular Hausdorff topological space 
is a Hausdorff space which is not necessarily compact. On the other hand, the non- 
Archimedean counterpart of a completely regular Hausdorff topological space over k. 
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which we call a non-Archimedean completely regular Hausdorff space here, is a topo- 
logical space which can be embedded in a direct product of copies of the closed unit disc 
k° ck. A direct product of copies of the closed unit disc k° is a totally disconnected Haus- 
dorff topological space. A subset of a totally disconnected Hausdorff topological space is 
again a totally disconnected Hausdorff topological space, and so is a non- Archimedean 
completely regular Hausdorff topological space over k. Now we verify that the converse 
also holds. 

Lemma 5.1. The following for a topological space X are equivalent: 

( i) The topological space X is totally disconnected and Hausdorff; 

( ii) The topological space X is Hausdorff, and k-valued bounded continuous functions 

separates a point and a disjoint closed subset of X, i.e. for a point x e X and a 
closed subset F c X with x i F, there is a k-valued bounded continuous function 
f e Cbci(X, k) such that f(x) = and f(y) = 1 for any y e F; 

(Hi) The continuous map l^: X ^ SCyfX) is a homeomorphism onto the image; and 

( iv) The topological space X admits an embedding into a direct product of copies of the 
closed unit disc k°. 

Note that the conditions (ii)-(iv) seem to depend on the choice of the base field k 
but the condition (i) is purely topological. Therefore the notion of "a non- Archimedean 
completely regular Hausdorff topological space" is independent of the choice of the base 
field. 

Proof. Recall that SCk(X) is a closed subspace of a direct product of copies of the unit 
closed disc k°, and hence the condition (iii) implies the condition (iv). Moreover, the 
condition (iii) implies the condition (i) as we referred above. Suppose the condition (i) 
holds. Take a point x & X and a closed subset F c X with x i F. Since X is totally 
disconnected and Hausdorff, there is a clopen neighbourhood U G CO(X) of x G X 
contained in the open subset X\F c X, and the characteristic function 1 u separates x and 
F: the condition (ii). Suppose the condition (ii) holds. Since X is Hausdorff, a point of 
X is closed. For two distinct points x,y e X, take a A:- valued bounded continuous map 
/ € Cbd(X, k) which separates x and y. Note that the subset \k\ c [0, oo) is bounded if 
and only if the valuation of k is trivial. In particular one has \k\ c [0, oo) is bounded or 
1^1 = {0, 1} c [0, oo) is closed. In addition, since ||Cbd(X,^)|| c [0, oo) is contained in the 
closure of |^| c [0, oo) by the definition of supremum norm, there is an invertible element 
a e k^ such that ||/|| < \a\. Then one has < 1 and the ^-valued bounded continuous 

function a~^f e Cbd(X, ^)(1) separates x and y. Therefore one has Lk(x)a-i / i-k(y)a-^ / and 
the continuous map is injective. In order to prove that ij^ is an open map onto the image, 
take an open subset U c X. For a point x e U, take a fc- valued bounded continuous map 
/ such that f{x) = and f(y) = 1 for any y e X\U. By the same argument above, 
there is an invertible element a e k^ such that ||/|| < \a\. Then the pre-image by it of the 
open subset V c SCk(X) given by the condition that the (a"^/)-entry is contained in the 
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open neighbourhood k\{a~^} c of G is an open neighbourhood of x contained in U. 
Therefore the image Lk(U) contains the open neighbourhood V n ii^iX) c Lk{X) of Lk{x), 
and thus ik(U) c LkiX) is open. We conclude that ik is an injective open continuous map: 
the condition (iii). □ 

Proposition 5.2. Suppose k is a finite field endowed with the trivial norm or a local field. 
Then the evaluation map X — > BSCk(X) is a homeomorphism onto the image if and only 
ifX is totally disconnected and Hausdorff. 

Proof. The assertion immediately follows from Corollary I3.9l and Lemma [5TT1 □ 

Definition 5.3. Let c Chd{X, k) a closed k-subalgebra. For points x, x' e X, we 
write X x' if fix) = f(x') € kfor any f e Cbd(X,k). The binary relation is an 
equivalence relation, and denote by X I .g/ the quotient topological space X I ~.(^. We say 
separates points ofX if the canonical projection X ^ Xjs^ is the identity. 

Lemma 5.4. The continuous map ik'- X ^ SCk(X) uniquely factors through the canoni- 
cal projection X -» X/ Chd{X, k), and the induced continuous map X/Cbd(X, k) SCk{X) 
is injective. 

Proof. Trivial by the definition of the equivalence relation ^Cbi(x,k)- □ 

Lemma 5.5. IfX is totally disconnected and Hausdorff, the Banach k-algebra Ci,d(X, k) 
separates points ofX. 

Proof. By Lemma [5TT] and Lemma [541 the canonical projection X — > X/Cbd(X, k) is the 
identity. □ 

Now we formulate the non- Archimedean Gel'fand theory for a non- Archimedean 
completely regular Hausdorff topological space. Be careful that we did not assign to the 
notion of the compactification the condition that the structure continuous map is a home- 
omorphism onto the image, we have to redefine the class of suitable compactifications. 

Definition 5.6. Suppose X is totally disconnected and Hausdorff. A topological space Y 
equipped with a continuous map f: X ^ Y is said to be a faithful totally disconnected 
Hausdorff compactification ofXifY is a totally disconnected compact Hausdorff topo- 
logical space, if f is a homeomorphism onto the image, and if the image fiX) c Y is 
dense. 

Definition 5.7. Suppose X is totally disconnected and Hausdorff. For two faithful totally 
disconnected Hausdorff compactifications f\: X ^ Y^ and /2 : X — > Y2, we write Y\ =x 
Y2 if there is a homeomorphism g: Yi ^ Y2 such that g o fi = fi- The binary relation =x 
is a class-theoretical equivalence relation. 

Note that the collection ^(X) of equivalence classes is not a proper class. Indeed, any 
faithful totally disconnected Hausdorff compactification f: X ^ Y factors through the 
universal totally disconnected Hausdorff compactification X > TD{X). Since TD{X) is 
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compact and Y is HausdorfF, the image of TD is a closed subspace containing the dense 
subspace f{X) c Y, and hence the induced continuous map TD(Z) — > 7 is a surjective 
map from a compact topological space to a Hausdorff topological space. Therefore a 
faithful totally disconnected Hausdorff compactification is obtained as a quotient topo- 
logical space of TD(X), and ^(X) admits a set-theoretical representative. 

Theorem 5.8. Suppose that k is a finite field endowed with the trivial norm or a local 
field, and that X is totally disconnected and Hausdorff. Then there is a canonical con- 
travariantly functorial one-to-one correspondence between the equivalence classes 'io{X) 
of faithful totally disconnected Hausdorff compactifications ofX and the family ^'{X) of 
closed k-subalgebras ofCbd(X, k) separating points ofX. 

Proof. The correspondences are given in the following way: 

[f:X^Y] Im(r : C(y, k) ^ C^iX, k)) 

[X ^ BSC;t(^) ^k(£^)] ^ c Cbd(X, k)). 

They are the inverses of each other by the non- Archimedean generalised Stone-Weierstrass 
theorem, [iBerl 9.2.5. □ 



6 Ground Field Extensions 

We finish this paper showing the compatibility of the ground field extension. Be careful 
that there are two distinct notions of the ground field extensions. One is the ground field 
extension associated with the extension of the scalar of functions, and the other is the 
Banach-algebra-theoretical ground field extension. We will see the difference between 
them in Theorem 16.61 

Proposition 6.1. Let K and L be complete valuation fields. Then there uniquely exists a 
homeomorphism BSCk{X) = BSCl{X) compatible with the evaluation maps. 

Note that we do not assume that the fields K and L contains the same base field k, and 
hence it is possible to choose Qp and Q/ for K and L respectively. 

Proof. The uniqueness is obvious because the images of the evaluation maps are dense 
and both of them are Hausdorff. The homeomorphism is obtained factoring through 
UF(X) by the canonical homeomorphisms in Theorem 13. 3 1 □ 

Corollary 6.2. Let Kj k be an extension of complete valuation fields. Then the ground 
field extension BSCk{X) — > BSCuiX) associated with the extension Chd{X, k) CtdiX, K) 
of the scalar is a homeomorphism. 

Proof. The ground field extension above obviously preserves the evaluation maps. □ 
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Now we consider the other ground field extension, namely, the canonical ^-algebra 
homomorphism K^kCbdiX, k) — > Cbd(^, K) induced by the universal property of the com- 
plete tensor product in the category of Banach fc-algebras. In fact, the ground field exten- 
sion is not an isomorphism, and it yields a criterion for the topological property of X and 
the valuation of k. 

Lemma 6.3. The k-subalgebra ofCbd(X, k) consisting of locally constant bounded func- 
tions is dense. 

Proof. Take a bounded continuous function / e Cbd(^, k). If / = 0, then / = is locally 
constant. Suppose / ^ 0. For a positive number e > 0, as we verified in the calculus in 
the proof of l2.61 the pre-image of an open disc of radius e by / is clopen. Therefore one 
obtains a disjoint clopen covering ^ c CO{X) of X such that the image f{U) is contained 
in an open disc of radius e. Take a representative au e U for each U e 'W . Though 
is not a finite covering, the pointwise convergent infinite sum g := 2{/e"?/ <^u^u'- X k 
is a locally constant bounded continuous function with the obvious inequality \\g\\ < \\f\\. 
Moreover, one has ||/ - g|| < 6 by the definition of the disjoint clopen covering and 
hence the fc-subalgebra of locally constant functions is dense in Cbd(^, k). □ 

Lemma 6.4. Suppose k is spherically complete, t lBGRV 2.4.1/1. Let K/k be an extension 
of complete valuation fields. Then the Banach-algebra-theoretical ground field extension 
LK/k '■ K^kChdiX, k) CbdiX, K) is an isometry. 

For example, an abstract field endowed with the trivial norm and a local field is spher- 
ically complete. We will use this lemma for the finite field endowed with the trivial 
norm, the rational number field endowed with the trivial norm, and the p-adic number 
field Qp. 

Proof Take an element / e K®uCUX,k). If / = 0, then |k^/,(/)|| = = ||/||, and 
hence we assume f 0. In particular X Q and both of K<SikCM{X, k) and Cbd(^, K) 
are non-zero unital Banach ^-algebras. Therefore the norm of the bounded A'-algebra 
homomorphism iKik is 1 because the norm of Cbd(^, K) is power-multiplicative, and lkiu 
is a contraction map. For the positive number e := ||/||/2 6 (0, ||/||), take an element g = 
li"=i ^i'^gi 6 ^%Cbd(^, ^) with ||/-^|| < €'mK<SikCM(X,k). Replacing the presentation 
S = 2"=i ® Si if necessary, we may and do assume a,- for any i = I,. . .,n. By 
Lemma 16. 3[ there is a ^-valued locally constant bounded function g'^ e Cbd(^, k) such 
that 11^,' - g'jW < \ai\~^e for each / = l,...,n. In particular setting g' := 2"=i ® S'i ^ 
K Cbd(^, k), one has 



11/ - ^'11 = IK/ -8) + (8- 8')\\ < max |||/ - ^||, 
< max{||/-^||,max;Liklll,?/-,?;il} < e< 



~ Si) 



i=\ 



and hence ||^'|| = ||/||. Since k is spherically complete, the finite dimensional normed 
fc-vector subspace kai -i- • • • -I- c ^ is ^-Cartesian by HBGRII 2.4.4/2, and hence there 
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is an orthogonal basis bi,...,b„ e ^ of ^ai + • • • + ^a„. Presenting , . . . , G-fi as a 
^-linear combination of b\,...,bm, one obtains the presentation g' = J^^L^ big" by the 
unique system g'/, . . . g Cbd(^,^) of ^-valued locally constant functions. For any 
point X £X, one has 



\im(8')(x)\ 



i=\ 



m2c^Ug';{x)\M 



by the orthogonality of b\, ... ,bm, and hence 

\\LKik{g')\\ = supkj,/,(g')WI = supmaxf^i|&,||g;'(x)| = maxf^J^;,| sup 

xeX x€X x€X 

= max1LM\8'i'\\>\\8% 
Since iK/k is a contraction map, one acquires = ||g'||. We conclude 

Mf - 8')\\ < 11/ - /II < 6 < ll/ll = 11/11 = |ki,A(/)|| 

and thus 

\\iK/kif)\\ = \\iK/k(f - 8) + LK/k(8')\\ = \\LK/k(8')\\ = \\8'\\ = 



Definition 6.5. Denote by ¥ c k the closure of the fractional field of the image of the 
canonical ring homomorphism Z ^ k. The fractional field of the image of 2 k is Fp 
if k is of characteristic p > 0, or is Qifk is of characteristic 0. In the former case, F is 
the finite field F^ endowed with the trivial valuation. In the latter case, F is the rational 
number field Q endowed with the trivial norm ifk is of equal characteristic (0, 0), or is the 
p-adic number field Qp ifk is of mixed characteristic (0, p). In particular F is spherically 
complete. 

Finally we observe when the ground field extension t^t/p '• k^Cx,d(X, F) — > Cbd(^, k) 
is an isomorphism. The following show that the Banach A^-algebra Cbd(^, k) of A:-valued 
bounded continuous functions on X is "naive" enough to be analysable well if and only 
if X is compact or k is sufficiently small in some sense. 

TJieorem 6.6. Suppose X is totally disconnected and Hausdorff. Then the following are 
equivalent: 

(i) The topological space X is compact, or the base field k is a finite field endowed 
with the trivial norm or a local field; 

(ii) The k-subalgebra ofChd(X, k) generated by idempotents is dense; 

( Hi) The ground field extension ik/F '■ k^pChd(X, F) — > Chd(X, k) is an isometric isomor- 
phism if¥ 4^ Q, or the condition (ii) holds if¥ = Q; 
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(iv) The compactification BSCkiX) ofX consists of k-rational points if¥ ^ Q, or the 
condition (ii) holds z/F = Q; 

(v) The evaluation map X '-^ BSC^iX) induces an isometric isomorphism C{BSCk(X), k) 
Ct,d(X, k)if¥i^ Q, or the condition (ii) holds z/F = Q; and 

(vi) The compactification BSC^iX) ofX satisfies the extension property for a k-valued 
bounded continuous functions z/F ^ Q, or the condition (ii) holds if¥ = Q. 

In particular by the equivalence of (i) and (vi), this is the converse of Corollary 13.101 
Remark that the condition (iii) does not necessarily hold when X is not compact. In par- 
ticular, unlike the ground field extension BSCa:(X) — > BSC<^(X) induced by the extension 
Cbd(^, k) Cbd(^, K) of the scalar, the ground field extension LK/k ■ K<SikCbd(X, k) —> 
Cbd(^, K) is not necessarily an isomorphism. 

Proof. Suppose the condition (i) holds. Take a bounded continuous function / e Cbd(^, k). 
If is a finite field or a local field, the closed disc {a e k \ \a\ < \\f\\} G k is compact. 
Otherwise X is compact. Therefore for a positive number e > 0, there is a finite disjoint 
clopen covering c CO{X) of X such that the image f{U) <zk is contained in an open 
disc of radius e for any U e'^ . Take a representative au e U for each U e , and then 
one has ||/ - YuUe'?/ ^^u^uW < ^ • Thus ^-subalgebra of Cbd(^, k) generated by idempotents 
is dense: the condition (ii). 

Suppose the condition (ii) holds. In order to verify that the condition (iii) holds, we 
may and do assume F Q without loss of generality. Since the canonical fc-algebra ho- 
momorphism i^-zp : k^fC^diX, F) Cbd(^, k) is an isometry by Lemma l64l it suflices to 
show that the image of Lk/v is dense. An idempotent of Cbd(^, k), which is a characteristic 
function on a clopen subset of X, is contained in the subset Cbd(^, F) c Cbd(^, k). There- 
fore the image of the canonical ^-algebra homomorphism k (% Cbd(^, F) — > Cbd(^, k) is 
dense by the condition (ii), and hence the image of ik/F is dense: the condition (iii). Note 
that we did not use the assumption that ¥ Q, and hence the condition that the ground 
field extension ik/w '■ k^fCbdiX, F) — > Cbd(^, k) is weaker than the condition (ii). 

Suppose the condition (iii) holds. In order to verify that the condition (iv) holds, we 
may and do assume ¥ Q without loss of generality. For a character x e BSCk(X), 
consider the composition 

x': Cbd(X,F) ^ CUX,k) ^ k{x). 

Since F is contained in k, the character x' defines an element x' e BSCf(X). Recall that 
F = ¥p or Qp now. Since BSCf(X) consists of F-rational points by Corollary 13.121 the 
image of x' is contained in F c A:. Therefore the image of x is contained in the closure 
of the fc- vector subspace of k{x) generated by F c fc, namely, the 1 -dimensional vector 
subspace k c k{x). It follows that k{x) is the completion of the fractional field of the 
complete valuation field k, and thus k{x) = k: the condition (iv). 
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Suppose the condition (iv) holds. In order to verify that the condition (v) holds, 
we may and do assume F ^ Q without loss of generality, and hence suppose the com- 
pactification BSCi(X) of X consists of ^-rational points. Then the evaluation pairing 
Cbd(^,fc) X BSC/t(X) k: (f,x) f{x) gives the Gel'fand transform Cbd(^,^) ^ 
C(BSCk{X),k), which is an isometric isomorphism by [iBerJ 9.2.7/(ii). The Gel'fand 
transform Cbd(^, k) — > C(BSC/t(X), k) coincides with the bounded ^-algebra homomor- 
phism induced by the evaluation map X —> BSCk(X) by definition: the condition (v). 

Suppose the condition (v) holds. In order to verify that the condition (vi) holds, we 
may and do assume F Q without loss of generality, and hence suppose the evaluation 
map X — > BSC<^(X) induces an isometric isomorphism C(BSC/t(X), k) — > Cbd(^, k). Take 
a bounded continuous function / e Cbd(^, k). The extension of / on the compactification 
BSC^(X) of X is unique because the image of the evaluation map X BSCk(X) is dense 
by Corollary 13. 5 l and the complete valuation field k is Hausdorff. Since the evaluation map 
X ^ BSCk{X) induces an isomorphism C(BSCi(X), k) Cbd(^, k), there is a continuous 
function /' e C(BSCjt(X), k) on the compact topological space BSCyt(X) such that the 
composition of the evaluation map X — > BSCi(X) and /' coincides with /: X ^ fc, or in 
other words, /' is the extension of / on BSCi^(X): the condition (vi). 

Finally, suppose the condition (vi) holds. Assume X is non-compact and k is neither 
a finite field nor a local field. Since X is a totally disconnected non-compact Hausdorff 
topological space, there is an infinite disjoint clopen covering c CO(X) of X. If the 
residue field ^ of is an infinite field, set Y := k and take a set-theoretical lift : Y ^ k° 
of the canonical projection k° Y. Otherwise, the image \k^\ c (0, oo) is dense because 
k is not a finite field or a local field. Set Y := \k^\ n (1/2, 1) c (0, oo), and take a set- 
theoretical lift (p: Y k° of the norm | ■ | : — > [0, oo). Since Y is dense in (1/2, 1), it is 
an infinite set. In both cases, endow Y with the discrete topology. Since Y is an infinite 
set, there is an injective map i^: N ^ Y. The composition (po ij/: N ^ ^° is an injective 
continuous map, and the image is a closed discrete subspace because \(p{y) - <t>{y')\ > 1/2 
for any y, y' e Y. Since ^ c CO(X) is an infinite covering of X, there is an injective map 
*P : N . Then the pointwise convergent infinite sum 

/:=_^0((A(n))W(„):X^fc 

determines a locally constant bounded function on X. Now we use the condition (vi). 
Suppose F ^ Q. There is a non-principal ultrafiltre ^ e CO(N) by Lemma [1.18[ By the 
conditions (vi) and ¥ Q, there is the continuous extension BSCk(f) : BSCi:(X) — > of 
/. Moreover, taking a representative x„ 6 ¥(n) for each n 6 N, one obtains a continuous 
map x: N — > X BSCi:(X). Since BSCi:(X) is a totally disconnected compact Hausdorff 
topological space, the continuous extension BSCi(jc) : UF(N) =x BSCi(N) BSCtiX) 
of X exists. The composition BSC;t(/) o BSC;t(x) : UF(N) ^ BSC;t(X) -^kis the contin- 
uous extension of the composition /ojc = (poif/: N — > In particular BSCi:(/)oBSQ(x) 
is continuous at ^ e UF(N), but it contradicts the fact that the image of o i/r an injective 
map whose image is a closed discrete subspace. An injective net whose image is discrete 
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and closed never has a limit. Therefore one has F = Q, and the ^-subalgebra of Cbd(^, k) 
generated by idempotents is dense by the condition (vi). Take a ^-linear combination 
g = Y/i=i cidui s Cbd(^, k) of idempotents with ||/ - g|| < 1. Now the image of g contains 
at most n points, and hence there is an integer m e N such that g(x) t (pm for any x e X 
identifying the cosets ^ as a family of disjoint clopen subsets of k° in the tautological 
sense. Then one has \f{Xm) - g{Xm)\ = 1, and it contradicts the condition \\f - g\\ < 1. 
Thus X is compact, or ^ is a finite field or a local field: the condition (i), which was what 
we wanted. □ 



Acknowledgements 

I would like to thank Professor T. Tsuji. How much mathematics I have studied 
from him is beyond my expression. I would like to appreciate having helpful personal 
discussions. I am extremely grateful to my friends for their helps and discussions. I 
acknowledge my family's deep afi'ection. 



References 

[Ber] Vladimir G. Berkovich, Spectral Theory and Analytic Geometry over non- 
Archimedean Fields, Mathematical Surveys and Monographs, number 33, the 
American Mathematical Society, 1990 

[BGR] S. Bosch, U. Giintzer, and R. Remmert, Non-Archimedean Analysis A System- 
atic Approach to Rigid Analytic Geometry, Grundlehren der mathematischen Wis- 
senschaften 261, A Series of Comprehensive Studies in Mathematics, Springer, 
1984 

[Bou] Nicolas Bourbaki, Espaces Vectoriels Topologiques, Elements de mathematique, 
vol. V, Hermann, 1953 

[Die] Jean Dieudonne, Sur les Fonctions Continues p-adiques. Bulletin des Sciences 
Mathematiques, Volume 68, p. 79-95, 1944 

[Dou] Ronald G. Douglas, Banach Algebra Techniques in Operator Theory, Pure and 
Applied Mathematics, Volume 49, Academic Press, 1972 

[Eng] Ryszard Engelking, General topology, Panstwowe Wydawnictwo Naukowe, 1977 

[GRS] Israel M. Gel'fand, Dmitrii A. Ra/kov, Georgii E. 5ilov Kommutativnye 
Normirovannye Koltsa, Gosudarstv, Sovremennye Problemy Matematiki, Izdat. 
Fiz.-Mat. Lit., Moscow, 1960 

[Kap] Irving Kaplansky, The Weierstrass Theorem in Fields with Valuations, Proceed- 
ings of the American Mathematical Society, Volume 1, p. 356-357, 1950 



28 



[Kur] Kazimier Kuratowski, Topologie Volume I, Panstwowe Wydawnictwo Naukowe, 
1958 

[Par] Parfeny P. Saworotnow, Totally Disconnected Compactification, International Jour- 
nal of Mathematics and Mathematical Sciences, Volume 16, number 4, p. 653-656, 
1993 



29 



